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ABSTRACT 


The inpact on several Lanchester models of adding sup- 
pressive fire and having a unit become combat ineffective 
before all its elements are destroyed is investigated. In 
addition to a lethal fire capability which causes permanent 
losses suppressive fire is incorporated into the classical 
equations by adding a suppressive fire capability which 
reduces the instantaneous enemy force. The revised equations 
are used to develop some tradeoff curves for lethal versus 
Suppressive weapons in a combat force. Тһе models applica- 
bility to electronic warfare systems and point defense 
systems, which act as suppressive weapons in the model's 
Сл опо5, is illustrated. 

A quick test for determining the winner of a Lanchester 
model combat for the case of homogeneous attrition equations 


is developed. 
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I. INTRODUCTION 


А. GENERAL 

uoe ability to predict the outcome of a future battie 
ог маг has always been desirable. Diplomatic policy is 
greatly influenced by a country's perceived view of the 
ExEGome of a conflict should one start. Military strategy 
is also influenced by predictions about the possible success 
ЕЕ different strategic/tactical plans. An accurate predic- 
meen Capability also allows a wise choice of force composi- 
(эг апа size to insure victory in potential conflicts 
СИС Туіпгр up excessive resources to provide a safety 
margin. 
| Among the general techniques for making such predicticzı. 
which have developed are Simulation/War Gaming and Lanches-:- 
Equation models. The former seek to capture "all significant 
factors" with consequent stochastic results and complexity. 
Ши а ссег depend upon multiple events and the law of large 
numbers to allow using deterministic differential equations. 
These two approaches are often complementary - Lanchester 
Equations serving to narrow down the parameter range and 
Биш ос 100/Маг Gaming supporting and refining the Lanchester 
ВЕН. The refinement comes from considering factors 
which were ignored in the Lanchester model. Introducing 
EN tnese additional factors into the differential 
EEEsons wlli improve the utility of the predictions 


pev provide. 





ЕР NEW FACTORS 

Moe cer investigates спе impact of incorporation of 
Suppressive Гіге ana a nonconstant combat effectiveness for 
individuai eiements into Lanchester equation models of com- 
bat. These factors are known to be of some importance in 
Entry ground combat and are not considered in the 
classical models of combat. 

When two units engage in combat a large portion of their 
ЖЕНЕ Іс пос, primarily, intended to kill enemy elements, 
Ens ntended to stop them from firing upon the friendly 
E This effort to gain "Fire Superiority" is important 
Since it normally insures winning the battle. A previous 
thesis [Ref. 1] modeled fire superiority by allowing an 
mMmadividuals rate of fire, and hence the attrition rate 
coefficients, to depend upon the intensity ос: Zune: 
This paper incorporates suppressive fire by adding a suppres- 
aerea pebility for a unit's weapons in addition to the | 
usual casuaity-causing lethal fire capability. The developed 
ШЕШ (5 5ге then used to gain some insight into the effect 
of changing the relative capability of the lethal and 
Suppressive components of a forces firepower. The method 
Шсогрогасіпс suppressive firepower also allows the 
developed models to be used for many other scenarios besides 
ground combat. 

When an infantry combat unit receives casualties its 


Пт реггогтапсе falls off faster than the proportion of 





Ее то. indicate. This occurs because of a decay 
in individual element performance as its unit receives 
ШОШО л ес, Historically, for typical infantry combat 
[Ref. 2] the individual combat effectiveness has dropped 

to zero percent when the unit has received thirty to fifty 
Nx ont casualties. This effect is incorporated by associ- 
ation a percentage effective figure with the number of 
Casualties a unit has taken. This figure determines how 
close to the original (one hundred percent) effectiveness 


the unit's elements are operating as the battle progresses. 
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ЕТУ WEAPONS 


UE DEFINITION 

A suppressive weapon is a system which reduces own 
се Casualties by Inhibiting the action of enemy weapons. 
It does no damage to the enemy units; these may act with 
full effectiveness whenever suppression is lifted. A 
Suppressive weapon is an active system directed against 
Ero targets or areas. Employment of own force 
Suppressive weapons does not effect friendly firepower. 

The majority of weapons have both a suppressive and a 
lethal component. Such a weapon PARI ПЕС ав 
was two virtual weapons, one Suppressive and the other 
lethal. The force is equipped with these virtual weapons 
Ни гасло reflecting the original weapon characteristics. 
A suppressive weapon ređuces the total enemy effective 
force, but will be treated as if it only affects hostile 
casualty producing. components. (Suppressive weapons are 
not themselves suppressed.) This restriction is often 
сашивътей аз 15 shown in later scenarios. It also serves 
to make the mathematical models more tractable by cutting 


Oftetong chains of cross suppression. 


P DISCUSSION 
mesuppressive weapon, to be effective, must be difficult 
to learn to ignore. The weapon may achieve this by actively 


Pitvruaing into the enemy weapon's functioning as an Electronic 
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Counter Measures (ECM) system does, by physically stopping 
the enemy unit's missiles as the Phalanx anti-missile gun 
ет 15 designed to do, ог by being associated with a 
casualty producer which will inflict casualties upon the 
hostile unit if it attempts to continue unrestricted activi- 
EN It 1S this need to take protective cover from fire with 
a consequent reduction in own weapon effectiveness which 
gives most weapons a dual suppressive/lethal capability. 

If Opponents are well trained a weapon may be too lethal 
to have any suppressive effect. If the target individual 
beiseves taking cover will do no good all his effort will 
Mememre clea towards destroying the weapon before it hits 
him. In this case one may actually achieve "negative 
suppression" as the enemy redoubles fire in effort to 
Gesture, weapon he can not protect himself against. This 
may be observed in counter-ambush doctrine [Ref. 3] where 
ambushee avoids taking cover in the ambusher's targeted 
ME zone. Аз the killing zone is carefully selected it 
is fatal for the 227. to allow himself to be pinned 
down in it, hence the Goctrine of prompt counterattack at 
all costs "О 1а the resulting exposure. Flamethrower 
“tanks were strong "negative suppression' weapons during 
World Маг II. When a flame tank moved into position to 
attack bunkers it would receive heavy fire from the bunker 
occupants. lhe bunker fire would not be suppressed by 
supporting tank fire which normally wes sufficient to drive 


occupants to cover. This was because flame tanks represented 


1g 





ВН а high threat of destruction regardless of cover tasen 
that desperate risks were justified to destroy them. 

The interaction between lethality and suppression was 
also experienced in Vietnam when river gunboats had tneir 
ЦО automatic Weapons replaced by 105%" Howitzers. This 
was done because the Nor weapon had proven ineffective 
against the bunkered positions from wnich hostile elements 
normally fired. The 105m howitzer was able to destroy 
bunkers with its more powerful shell. The immediate effect 
of this change was, surprisingly, increased friendly force 
casualties. The ДО" weapon was unable to penetrate bunker 
walls, but generated a highly visibie volume of fire, and 
had a good lethality potential against personnel who remained 
at the bunker firing slits. The oS weapon lacked the 
visible volume of fire and was almost as dangerous against 
personnel who had taken cover as it was against those who 
б леа to fire. Since taking cover gained little, the 


enemy fire was not suppressed by the heavier weapon. 
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III.  NONCONSTANT EFFECTIVENESS 


ER DEFINITION 

À combat unit's elements exhibit nonconstant effective- 
ness when the performance of individual elements depend 
Ирой спе other elements of the unit. The physical destruc- 
tion of (1 - K) percent of the unit reduces the unit's com- 
bat effectiveness by more than (1 - K) percent. This is 
because the surviving elements lose some of the support 
they have been receiving, and may additionally have to ¿eve ғ 
Ex  tcherr effort to aid casualties, so their ind`vidua- 
effectiveness drops too. The elements are assumed to provide 
memreaundancy in the unit's basic capability, so a unit at 
K percent strength will never have a combat power greater 
EM percent of its original power. In general the unit's 
combat power will be f(K)+ K percent of its original power | 
where f(K) is a decreasing function of K, f(K) represents 
pac tion of full effectiveness of the individual 


emements at K percent of the unit strength. 


ENEMEPUSCUSSION 

It is extremely rare to find a combat unit that does 
not exhibit some non-linearity in its effectiveness. А 
combat unit generally has an internal command structure 
which means the individual elements are not completely iden- 
tical. Destruction of comman elements has a greater impact 


on the unit than loss of other elements. Even when the 
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eemmend element's functions are promptly taken over by 
meee individual there is a break in the continuity of 
Миг c c-on, with a eonsequent reduction in the unit 
 Ш(огпалсе. 

 месппеі, погеоуег, have some concern for their incivi- 
Am survival. As a unit absorbs casualties individuals 
Eme convinced that their continued fighting is doing 
title good and only insures their own destruction. The 
Casualty level required to induce this feeling depends upon 
meenane, expected treatment if wounded, and how visibly 
ШЕ Әтепу ls suffering, but serves as a breakpoint for any 
unit. (The breakpoint is also dependent upon the individuals 
having a way of breaking off the combat safely.) 

While these effects may accumulate over time as the 
collapse of the French and Russian Armies in 1917 (Ref. 4] 
shows, generally a short recuperation and reorganization 
period wili reestablish internal effectiveness. This ability 
to reestablish combat effectiveness given time to reorganize 
ша пе of the reasons that time is an important parameter 


of ап engagement. 
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ТУ. SCENARIOS 


E useful to have some typical scenarios in mind 
MEME constructing mathematical models of combat. This 
makes :.v easier to follow the relationship between tne 


devel.opeaà equations and the actual combat. 


A. XNFANTRY (MODEL I) 

ivo small infantry units engage in combat without exter- 
ШЕН uppoprting weapons. The location of the members of the 
Opposing force are known and fire is reasonably well distri- 
buted. (No target is left unengaged if a firer is available 
to engage it.) Each side employs aimed fire and can judge 
Mie effectiveness of its fire. If an individual is suppressec 
(due to his sensing enemy near misses) he changes his posi- 
tion to a more protected one. While he remains in the more 
En Led position he is unable to aim accurately enough to 
Ни со casualties, however he continues firing and may 
ВН T suppress enemy personnel. When a combatant ceases 
fire, his opponent(s) shift fire to a new target. The 
forces do not maneuver ео and the weapon parameters 


EN onsvtant throughout the battle. 


B. INFANTRY (MODEL II) 

. Two small non-maneuvering infantry units engage in 
Eu The position of members of the enemy force is 
reasonably well known, so all personnel attempting to 


inflict casualties have definite targets to shoot at. Ап 
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assigned fraction of each force (riflemen) deliver aimed 
semi-automatic fire astempting to inflict casualties. The 
remaining fraction of each force (automatic weapons) deliver 
arcea fire attempting to suppress enemy fire. As casualties 
meee personnel are reassigned so the ratio of semi-automatic 
memmeulomatic fire remains constant. The volume of fire 
delivered by the automatic weapons is so large that the 
wo pressive effect of the individual riflemen can be neglected. 
Шиме сасе vulnerable area is a small enough fraction of 
the area receiving automatic weapons fire that casualties 
Produced by the automatic weapons can be ignored. 

The division between aimed (casualty producing fire) 
and area (suppressive fire) would also arise if a force 
was only partially successful in locating targets. Those 
шиш таша! 5 who nave located targets direct aimed fire at 
Поло semi-automatic fire for accuracy. Those unable 
Moto cate a target fire upon area enemy occupied in an 
КООШО to suppress enemy fire. The fraction of a force 
ШЕШЕН 15 able to locate exact targets remains constant (a 
funetion of terrain) as individuals gain and lose track 


oOrshostile personnel during the battle. 


С. AIR-ECM-GROUND (MODEL I) 

An aviation force consisting of attack and ECM aircraft 
engages an air defense missile system. The aviation force 
is attempting to eliminate the air defense system, the air 


ала зе system to inflict losses upon the aviation force. 
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Mme дегепзе force may have units capable of deceiving attack 
aircraft's weapons delivery/navigation systems so some air- 
craft will waste their ordnance (be suppressed) on false 

ЕЕ 95. The ECM aircraft are able to prevent a fixed 
number of missile sites from shooting effectively. Neither 
ИЕ сап tell which type of unit he is attacking and both 
are equally vulnerable when attacked so force composition 
Stays essentially in fixed ratio during battle. The weapon 


System parameters remain constant during the engagement. 


D. SHIPS VS AIRCRAFT-MISSILE ATTACK (MODEL I) 

A unit of ships equipped with anti-aircraft missiles 
and an anti-missile gun system (Phalanx) are engaged by an 
Econ force equipped with anti-shipping missiles and ECM 
Em The anti-missile gun system effectively suppresses 
memenaircraft attacks by destroying inbound missiles before 
they can reach the ships. The ECM equipment suppresses 
some anti-aircraft fire by jamming some outbound missiles. 
EN cerent supply of missiles is available to both sides 
аг сїєг Side is supply limited during the engagement. 
(If this is not the case a diverted/intercepted missile 
represents a permanent reduction in combat potential as no 
Found would be available to fire when suppression was 
"lifted." This would make suppressive weapons both 


suppressive and lethal weapons in the model construction.) 





Е. COUNTERBATTERY (MODEL V) 

Шо аг л l ery units engage in counterbattery fire, each 
Ж СТГ Пс to silence the other. The exact location of 
ПЕТЕ guns is not known so that fire is directed into 
area enemy occupies. The gun crews will seek cover if 
смешу fire lands too close to them, and wiil reman the gun 
ФЕН fire is lifted. A direct hit is required to destroy 
КИ, while shell fragments will drive the crew to cover, 
so the suppressive fire effect is large compared to the 


lethal fire effect. 


LE 





221221! Е1 1 CONSTANT, AIMED, AIMED 


A. GENERAL 

This model applies when both sides are able to identify 
ts and deliver aimed lethal and aimed suppressive fire 
EN То addition, the effectiveness of the individuzl 
combat elements of each side remains constant despite 
ша лез to other elements. The unit therefore exhibits 
a combat effectiveness which is a linear function of the 
number of survivors. This means that the battie follows 
the general Lanchester "square law" combat equations modifice 
 ассоппс for the effects of fire suppression. 

СЕВА force is divided into two fractions. One fracticu 
wets casualties and the other fraction suppresses ereny 
fire. It is assumed to be impossible to identify the eneuy 
divisions so fire may not be concentrated upon one of tne 
Sol the enemy force, therefore the percentage assignec 
го each mission remains constant chroughout the battle. 
Es usually due to the fact that the two missions are 
8 111) Br zen Ере Ое Dy оле weapon and the fractional 


Splat is a property of the weapon. 


Ее "МОӨГЕТ, 

Ша ваї стегепгстаї есцасіопѕ for aimed lethal fire with 
aimed suppressive fire may be developed from the classical 
Lanchester equations for aimed fire. The number of elements 


involved in firing suppression is determined, (1 - a)X, from 
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EU rhe nunbepr of hostile elements suppressed is calculated, 
(1 - a)8bX, and the active hostile strength determined by 
subtracting this from the actual enemy strength, Y - (1 - à)gbx. 
 Егассіоп of enemy strength delivering lethal fire, y, 
wS the active enemy strength yields the effective enemy 
force, y(Y - (1 - а) ВЫХ). The effective enemy strength 
ЕО instead of numerical strength in the classical 
Mmemmenester equations for aimed fire. The revised equations 


therefore are: 


ce = -ay(Y - (1 - a) 8bX) 
SY - -bo(X - (1 - v)6aY) 


(- dx, шШ 10-05 wotrractrition of the X force 
(- ау, НЕВЕ attrition of the Y force 


a,b amesche attrition rate coefficients for 
Y,X respectively, the number of casualties 
ж о е рег unit time per firing unit 


а, у ЕЕ Е Т ЛОПЕ Ә7 X,Y force delivering 
Те Балин гс 


В,6 are the suppressive effectiveness ratios 
for X,Y soBbandóaare the number of hostile 
units which an element assigned to suppres- 
sion suppresses. 
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If tne elements firing suppressive fire were themselves 


w essed the equations would take the form: 


Х - (1 - ү)баА(У - ER 


neglected terms 


= = -аү(Ү - (1 - a)ßb( 


ЕЮ. а аге normally less than one and neglected terms 
EE ve squared, cubic and higher powers the error introduced 
Мике!“ to be small even if the scenario indicates that 
BENED Uessive component can itself be suppressed. 

If it is desired to introduce suppressive fire into an 


aimed fire attrition model of form 


а, 


CX = ar ээг 
at QUY and + b* X 
Kann L changing the casualty producing ability of the 
forces this may be done by setting 
x 
A 0 and b = DS 
а 
The two units then have the same lethal firepower as before 
ШЕНЕ гот the fraction of force assigned to casualty fire. 
If 8,0 equal zero so suppressive fractions do nothing the 
forces will follow the same time history as they did in the 
model without suppression. This makes it possible to look 


at how suppression effects battles without concern over the 


K at only a fraction of strength is now delivering 
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EDS] fire. It is important to note that the existence 
Of suppressive fire will naturally cause the two force 


history plots to diverge from each other. 


E SOLUTION 

Mees possible to solve this model's differential 
memeacions analytically. The solution follows standard 
МЭ bnigues and is straightforward therefore it is only 


 гізпей. Letting 
К = ау, L = abß(1 - a)y, M= ba, N = abó(1 - y)a 


so equations take the more easily manipulated form: 


ах = 1 dy _ _w ү 
(1) ~ SED LX and (2) 3t MX + NY. 


Differentiating (1) 


2 
3X. k(-MX € NY) € LOSÉ 
dt 
Euving (1) for Y and substituting 
а2х dx 
— = (N + L) #£ + (KM - LN) X 
dt 


giving the following differential equation to solve. 
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x'! - (N TEE XU (KM = LN)X e 0 


т © = О) = x 


The general solution takes the form 





O > го) 
5 
тэ ауу 


s Dpplying the initial conditions and substituting yields 


X 
X, E(t)(cosh 66 - Haygetzeb(a(l - а)6 - y(1 - a)B)sinh $t) 
i | 


X(t) 


Y. 
Y. E(t)(cosh 8t - A beatseb(y(1 - 098 - a(l - y)é)sinh 66) 
О 


Ше) 
E(t) = exp(zab( (1 - a)y8 * (1 - y)a8)t) 
9 = (за - Ye - 8(1 - о)ү,2 + abya 

Ше 15 important to note that these equations are only 


valid until one side or the other is totally suppressed 


(at time ts) and consequently producing zero enemy casualties 
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where 


Ш (1 - a)BbX(ts) 


OT 


X(ts) 0227-1202 -10:5). 

Ж ЕЕЕ ОСО аге not zero this will always occur before either 
ог been reduced to zero force level. Thus one can 
Mind the duration of combat by solving for the time 
meen one side has zero force. It is necessary to find the 
Lime at which one side is totally suppressed by substituting - 
ene time solution into the equation for the relationsn!p of 
the two forces at time ts. Since the attrition rete eque- 
Escape homogeneous and of the same degree it is possible 
мо їе test of.Chapter X to determine the winner and 
ЕАИС of the two equations to substitute into. 
Observe that E(t) is a common factor in X(t), Y(t) 


substitution yields equation of form: 
G(X +Y ) = tanh ts 


which can be solved easily to get time ts at which the loser 


is totally suppressed. 
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From the time total suppression occurs the forces 


Borrow equations of the form: 


dx _ dx _ 

Et 0 EE -аү(Ү - (1 - a)8bX) 
OR 

SL = -ba(X - (1 - y)éay) 9 = 0 


so that the time, tf, at which the battle ends is given by: 


o 


In(z та пена о RAUS ИЛ а оре се ts) if X 
wins 
and 
p 


МО Веви (ЕР = ts) 327 


ln (y 
Us wins. 


Alternatively, a totally suppressed force may no longer 
be able to exert any influence on the battle. If this is 


true then 


Се X ES) 


ШОТ - ts) = EA or (tf - ts) - WEEDS 


Mmeemeraphical plots all assume the latter equations in 
calculating the time from total suppression to elimination 
of the loser's forces. This represents the shortest time 
in which the loser might be finished since any residual 


Suppressive capability will reduce the victors kill rate 
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and henee inerease the time needed to kill off the suppressed 
погсе. 

The model is construeted assuming that an element is 
ur combat effective or suppressed. It is, however, 
Нэг 16 tO use the model for a suppressive system that 
мэ NDartially suppresses an element's combat capability. 
impartial suppression weapon is replaced by a virtual 
weapon which totally suppresses a smaller number of enemy 
elements. The model is then valid until all elements are 
partially suppressed. For a given partial suppression 
Exc: t.assuming Y is partially suppressed first this 


occurs when: 


ТІ Ер = (1 - D Ge 

( та ( а) В ( Васа 
and the time at which the equations break down may be solved 
for in the same manner as ts is found. The battle then 


ШОШО : 


SÉ = -a(1 - f) Y 
I = -ba(X - (1 - y)(1 - г)ва Y) 


a special case of the general equations where X has no 
Suppression capability. Notice that only the winner will 


шэг Suppression of loser becoming limited. It is also 
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possible to start out with the loser's suppression of the 
winner limited in which case battle follows similar equations 
until the loser's forces have been reduced to the point 

where 


E N = (1 – ујба цоо 


from which time the full equations follow. 


D. NUMERICAL RESULTS 

A Fortran IV program was written to generate data for 
plots of force levels versus time. The state equations were 
solved every two minutes and the resulting force levels 
plotted in Figures 1-8. Battles 1 and 2 are classical aimed 
fire engagements shown for comparison with the suppressive 
fire battles 3-8. As one alternative to extending the 
equations to include suppressive fire is a "gross" model 
ПЕК па сјај suppressed forces are subtracted off, a 
classical aimed fire engagement run and suppressed forces 
then added back to give final force levels Battles 3A - 
6A present plots of this "gross" model for comparison with 
the refined model. Battles 7-8 are suppressive fire battles 
where inclusion of suppressive fire has altered the outcomes. 
A summary of the forces, parameters, and results are 
@meevided in Table I. 

It is clear from Figures 3-6 that the "gross" suppression 


Medel provides a highly erroneous estimate for the duration 
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of combat. ІС 15 therefore not an acceptable alternative 
ове папе the classical equations. Examination of the 
battle plots shows considerable model response to parameter 
BEES Ти general increasing the fraction of both forces 
ms to suppression lengthens the resulting engagement. 
Raising the suppressive effectiveness of both forces tenus 
to shorten the engagement and decrease the victors casual... 

The combined effect of these two trends is quite nics 
because of current difficulties with estimating the correct 
memes for attrition rates. The values obtained from 
firing range test data have been considerably higher ther 
those calculated from analysis of historical battie date. 
EN s r»oduetion of suppressive fire effects, as in goinrg 
Mom Battle 1 to Battle 5, appears to be able to aecoun- Гог 
em part ot this discrepancy. The large firing range 
mes values can be taken as correct for the small fraction 
of weapons which actually have targets, and are delivering 
Eire, the remaining weapons are delivering only 
Suppressive fire and it is the averaging of the lethal “ire 
over all the weapons in the classical modei which leads to 
the difference between the eu estimates. 

Fire suppression thus accounts for another factor besides 
Шепцатсу firepower effecting the outcome of battle. It 
Shouid be noted that the results of battle between X and 
Y change as X gains in suppressive effectiveness from Battle 


BEEOY wins) through Battle 7 (Tie) to Battle 8 (X wins). 
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It is obvious that it is always advantageous to increase 
EC cuppressive effectiveness of а unit, if other parameters 
Ae not changed. The real world rarely allows this so it 
C able to gain some idea on the interrelation of a 
unit's parameters. The reproduced Fortran IV program 
weed is designed to aid in doing this. It takes a base 
force, parameter set and generates sets of a-8 values so 
вес сре battle will either take the same time or tne 
Em cr will receive the same casualties as in the base 
пе. Figures 9-13 are graphs of the output from this 
program. The shapes taken by these tradeoff curves are 
very dependent on the composition of the Y forces. The 
Peons above the curves represent improvement for the X 
Ни 7f X is the winner either the battle will be shorter 
NT] receive fewer losses. If Y is the winner either 
the battle will take longer or Y will receive more casualties. 
It is important to note that once (1 - a)8bX = Y there is 
no advantage to be gained from higher В values or lower a 
values. (Y can 21 1 1 1-5::2 80166.) Іс із also impor- 
tant to note that the restriction of B to positive values 
means that 2 value solution is not always possible. 

Ши трл Ру plotting curves for other formulas for the 
time from total suppression to end of combat the residual 
time calculations have been included in the program as sub- 
routines. It may be necessary to modify statement 1500 in 


the main program if the residual time routines are changed. 
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Mist acement computes the minimum fraction of X force 
needed to eliminate Y in base time if Y is totally suppressed 


ӘП (Іле zero. 
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VI. MODEL II - NONCONSTANT ESPECTIVENESS - AIMED FIRE 


tx] 


A. GENERAL 

fis model applies when both sides are able to identify 
eme ets and deliver aimed lethal fire only. As each unit 
absorbs casualties its internal organization and morale 
break down. This breakdown and the diversion of resources 
ата wounded results in the surviving elements operating 
at a lower combat efficiency than they did at the start of 
ШЕ battle. When casualties have become sufficiently high 
Pere Unit losses all its combat capability, although a 


peezoble fraction may still survive. 


В. MODEL 
The basic Lanchester equations for an aimed fire battle 


pre: 


— ay and a = -bx. 


О, 
ст 
а, 


These equations По ОЕ ООС пене сео те есо спе 10355 in 
individual combat efficiency as the units cohesion is de- 
stroyed by adding a percentage effective correction term. 

Ee dea oi the way effectiveness actually decays is provided 
by [Ref.2], Figure 14 shows the general relationship between 
percent effective and percent casualties developed there. 


A reasonable, yet tractable fit is provided by 
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percent ineffective - (percent casualties)? 


or 


percent effective - 1 - k(Initial Force - Present Force)”. 


To determine k observe that if X, is the strength at which 


b 


a unit becomes completely ineffective then 


2 z | 
ӨГ тту 


where BP is the percent strength at which the unit breaks 
and effectiveness equals zero. To determine the proper 
value for the shape factor n the curves are fitted to the 
mesults of the Fast Val Study [2] for a Break Point of 
seventy percent. This leads to values in the range 2.5-3.3 
for a reasonable fit. So percentage effective may be 


pressed as 


| A - X n 
И ха ВР). 


Multiplying numerical strength times percentage effective 
Metas effective strength which is then used in the classi- 
cal Lanchester equations. The revised Lanchester equations 


thus take the form: 


> 





апа 


agus 
ау O n 
ets (а = БР E 


е 


fo SOLUTION 
It is possible to solve for the equation of state. 


Шила про the first equation by the second gives 


m 
де a(l - k Due E YE 


ас 


n 
b(1 - m - X) )X 


separating variables and integrating we get for integer 


m,n 


2 2 


n+2 ntl 
(X ES - X) 


= pi (Со ко у ) 
X на ТІЛЕ! 


| ] 

275 NES E E 
ио ) 205 js 
y Due nrl | 


To compare this result with the classical Lanchester aimec 
ire equation of state: p(x - X*) - a(Y * - ү2) mut on 


@erough by minus one so the leading terms take the same 


Em. Now note that for the region of applicability of the 
Db E 1 
а Па 


"new" terms are always being added to the classical Lanches- 


model (X. - X) < (X. - өг апа so the 


ter terms. (Subtracted from classical terms when equations 


are placed in the traditional form.) 
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It is useful to observe that early in the engagement 
Х, EX and Yo ~ Y so the "Square Law" terms dominate the 


2l x) ЗО - 


gs 2) which compares 


state equation and b(X, 
nicely with the classical equation of state. 
еее solution 25 GuUite intractable. Even fixing 


mem = 1 yieids a second order monster of the form: 


ff — _ ~ (_ 2: 25 да E SN $ E 
Е а(-Ъ (1 k (Y. Y)Y) + ek X ( b(1 k (Y. Y))Y) + ак 2Х( 10101 I 
У-Ү) 10) > 
пом У! = -аХ = ak, X X - а Бо quaqratic may be solved 


EUN Jt is possible to determine that the positive root 
ls the desired one. in the region of interest Y' is 
Mem@acive зо use of the јаше зашаге root would lead to 


a negative value for X, hence 


2 % 
ч АХИ m E 371 
- (ak. X. а + ( (а ak X ) law ty) 
2a 
However, even setting Breakpoint at zero percent so K = > 
| O 
Ky = = leaves a differential equation of the form: 
5 | | 
1 
НЕ t 2 шүү! M 
у". = Ош вуз A M deu ar). = ) 


to solve and the differential inside the radical makes the 
equation completely untractable. 
These difficulties lead to a solution by numerical 


 Етохіпасіоп to generate the time trace of forces during a 
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EE !e. The differential equations are replaced by a pair 


eS Gifference equations: 


X(t*àt) 2 X(t) - all - k (Y, - Y(t))" v(t) Jat 


Y(t*At) = ¥(t) - b(1- k (X - X(t))" X(t) ја 

where t advances in steps of size At instead of being a 
continuous variable. The equations are seen to be oi the 
mest order since the time variable has a spread of only one 
time step At. 

The accuracy with which the difference equations resuits 
approximate the true solution to the differential equations 
EEDends upon the choice of the size of the time step. it 
"morten possible to verify suitability of a time step size 
Ewcomparing the approximate results to the exact solution 
of a solvable special case. These differential equations 
unfortunately could not be solved for any cese so the 
EN ability of the time step had to be verified in a more 
heuristic manner. The equations of Model I provide a 
completely а set of complex differential equations, 
accordingly a At was found which gave agreement + .25 
BESEween a finite difference approximation and the exact 
Solution. This time step size was used for the numerical 
ENDPOximations of succeeding models. To provide some more 
confidence that the approximate results were reasonably 


close to the true results for the nonconstant aimed fire 
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model one approximation was done using a much smaller step 
ве. This change had negligible effect on the force 
 Пауісг очуег time, so it is felt the approximation is 


reasonably accurate. 


D. NUMERICAL RESULTS 

or ran LY program was written to produce data for 
time plots of force behavior during battle. Figures 15-18 
show the behavior for different shapes of the effectiveness 
Eus strength curve and an increasingly stubborn X force. 
Changing the shape parameters n and m has very small effect 
Mv he program results for parameter values which give a 
good fit to the Fast Val Curve of Figure 14. Y casualties 
went from 5.57 to 5.88 as the shape parameter went from 3 
to Y. These losses are much smaller than the 15.28 casualties 
ШТ гесеіуев іп бһе classical Lanchester equation model. The 
engagement is also shorter taking only 45 minutes compared 
to the 2221. 160 minutes. This shorter time is caused 
EN c rapid disintegration of the losing side. 

The close agreement between the classical state equations 
mehe nonconstant state equations early in combat should 
EN ved. It is normal procedure to rotate units to avoid 
the breakdown this model predicts and this rotation generally 
EDS the battle in the "early phase." This accounts for 
the reasonable agreement the classical equations have had 
W2th historical battles even though subunits nonconstant 


Exwbst effectiveness is ignored. The normal course of 
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Bartle provides the subunit with chances to reorganize 
mn evacuate casualties thereby restoring itself to full 


combat effectiveness. 





VIT NODEC ITI NONCONSTANT, AIMED, AIMED 


A. GENERAL 

There is no reason for suppressive fire and nonconstant 
element effectiveness not to occur at the same time. This 
leads to a combined model which applies when both sides are 
able to identify targets and deliver lethal and suppressive 
Mie at them. The effectiveness of the individual elements 
Eu he units are changed by casualties to other elements. 
ЕП а unit's casualties become sufficiently high the unit 
ceases to be combat Effective, the survivors break up into 


a noncombative rable. 


B. MODEL 

Mie properties of Modeis I and TI may be combined. 
EE une the percentage effective for X and Y forces using 
pae effectiveness formula of Model II. The number of 
ес је units suppressed is calculated as in Model I using 
force times its percentage effective for strength of friendly 
lusces to allow for the өш 2 22225 number of elements. 
The active enemy strength then equals the numerical strength 
minus suppressed elements. The fraction of enemy strength 
assigned the lethality fire míssion times the active enemy 
strength times the percentage effective yields the effective 
enemy force. The effective enemy force is used instead of 
numerical strength in the Lanchester equations. This gives 


equations: 





B. Eu eun 
Bc -аү(1 - E» - (1-o)8b(1i - = Be) )X) 


ale 
l 


X -X Е 
= -ba(l - Goa) 006 (1-y)6a(1 - ap m. 


These equations may be approximated as a pair of difference 
equations of the first order as was done for Model Il and 
Enc roximate numerical solutions generated by a step by 


Seep integration. 


С. NUMERICAL RESULTS 

ОООО ТӘП IV program was written to produce data for 
fame plots of force behavior during battle. Figures 19-21 
snow the behavior for different shapes of the effectiveness 
EN Dengech curves, and an increasingly stubborn X force. 
Changing the Shape Parameters n and m had small effect on 
results of the battle. The number of Y casualties 
increased from 3.75 to 3.98 as the shape went from 3.0 to 
1,0. These losses are smaller than the 5.7 casualties Y 
os in ша ооо оше, The engagement also lasts 
longer, taking 96.0 minutes compared to 45.0 minutes. This 
Eres with the previously found effect of adding suppressive 
meee the battle lasts longer and winner has lower casualties. 
The increasingly stubborn X force was able to raise Y's 
losses to 6.5 at the cost of increasing its own losses, 


before breaking, from 12.3 to 24.8. This serves as a measure 
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the eost that is paid if a force is given no alternative 


continued combat. 
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VITI ШО V. CONSTANT, AIMED, AREA 


A. GENERAL 

This model applies when both sides are able to deliver 
aimed lethal s The suppressive component of each sides 
mere is not accurately directed, however, and follows the 
Classical area fire Lanchester equations. This may occur 
because of the nature of the weapons system or because only 
Mere Of the force is able to observe a target. Those 
Ments without a definite target deliver area fire; 
BEMUempting to suppress enemy fire. The suppressive effect 
of the aimed fire and the letnal effect of the area fire 
are small enough to be neglected. The unit effectiveness 


is a linear function of its surviving elements. 


B. MODEL 

To modify Model I for area suppressive fire instead of 
aimed suppressive fire it is necessary to adjust the number 
of suppressed elements for the new mode of fire. For area 
fire, following the classical НП ие денертеси Of fire 
depends not only upon the number of firing elements but 
also upon the number of enemy elements in the target area. 
Ihe number of elements suppressed thus equals the product 
Of the two forces strengths times the number of enemy units 
МИСС рег firing unit per exposed unit. This suppres- 
Sion value is then substituted into the equations of Model 


I giving new equations: 
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-ау(У - (1 - а) ВЬХУ) 


eje 
1 


-ba(X - (1 - y)6aXY) 


Me ne parameters are as defined for Model I witn B,6 


. eny unics Suppressed per unit 
in units of £nemy units suppressed per unit exposed 


enemy units killed 
Eu count for the area nature of the suppressive fire, 


Eure the number of units suppressed depends upon the number 
of targets as well as the number of firing units. Note 

that this means for the same initial suppressive effect 

the parameters B,6 will be much smaller than they were in 


the previous models. 


See NUMERICAL RESULTS 

Perorcran IV program was written to produce data for 
time plots of force behavior. Figures 25-28 show the time 
race oí force levels for different values of the parameters. 
Es important 7100 that these values can not be directly 
compared with those in the earlier models because oí the 
area nature of ши 02:22:22 27 (гс The considerably 
smaller numerical values of 8,4 used here were chosen to 
give approximately the same initial suppression effects 
that were present in the earlier models. Since the 
Suppression term decays to zero as one of the forces is 


driven to zero a direct equivalence is not possible. 
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Шс шо ет surprisine to observe that the Y force 
devoteá to lethal fire at X (Y effectives) actually increases 
during the course of battle 21. Тһе suppression is quite 
heavy in this battle amounting to thirtysix units suppressed 
Em he start of the battle. In this situation it is 
actually possible to destroy suppressing forces with a 
enseguent release of own forces to combat faster than 


one is receiving casualties. 
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TET ID И CONSTANT, AREA, AREA 


А. GENERAL 

This model applies when neither side is able to locate 
targets and consequently delivers area lethal and suppres- 
sive fire. The effectiveness of individual elements of 
ШИЕ units are not changed by casualties to other elements. 
The unit effectiveness is a linear function of its surviving 
elements. The battle follows the general Lanchester equa- 
Mons for area fire, modified to account for the effects 
of fire suppression. 

Босоо ore 5 divided 11: 0 two fractions, one which 
шиш ]Jicts casualties and the other which suppresses enemy 
fire. The ratio of forces assigned to these two functions 


ns constant throughout the engagement. 


Eee MODEL 


The Lanchester equations for area fire are: 


SE 2 
pe aXY and E ВХ 


Eubefore the effective force is determined by subtracting 
EXDDPessed elements and multiplying by the fraction assigned 
to lethal fire. This effective strength is then used in 


ШЕР classical equations giving: 
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че 
ct 
! 


- -ayX(Y - (1 - a)BbXY) 


and 


ЕГО Е (1- ү) вахт) 

dt 

where the parameters are as defined for Models I and IV 
MA a,b the rate at which a unit of force Y,X kills exposed 


Mos of force X,Y. The equations may be simplified to 


ЈУ = -ayXY(1 - (1 - a)BbX) 
and 

ЧХ 2 .baXY(1 - (1 - у)бау) 

dt | 


These equations may then be rewritten as a pair of first 
Euer difference equations and solved by numerical 


approximation. 


ШІ RESULTS 

iG is well known that for equal parameter values the 
classical Lanchester equations for area fire lead to equal 
losses. This occurs because effective firepower depends оп 
the product of the forces engaged and the two forces therefore 
have equal firepower. The introduction of suppressive fire 


destroys this symmetry, the larger force now receiving fewer 
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casualties than the smaller. This occurs because each side 
has exactly the same number of elements suppressed (as a 
consequence of area fire suppression) and the suppressed 
elements remaining as targets. The suppressed elements 
Mepresent a higher fraction of the small force and its 
effective firepower is reduced more than the large force's. 
Thus if the initial forces are X = 10, Y = 60 and suppression 
is 20,Y's effective firepower is 40(60-20) = 1600 units 
while X's effective firepower is (40-20)60 = 1200 units. 
ites advantage is retained by the larger force throughout 
pue battle. 

Euoures 29-32 represent graphs of force levels over 
time plotted from numerical approximation results generated 
шина Fortran IV program. The accuracy of the Fortran pro- 
ШО was verified by comparing results Ғог а = ү = і, по 
suppression, with the known solution to the classical area 
model. Observe that the battles have infinite duration 
as elimination of forces also reduces the casualty rate. 
The unequal losses resulting from incorporation of fire 
Suppression can be seen. When X has taken 39 casualties 
Шира јез 23 апа 2: Y has received only 34.2 and 38.7. 
aie majority of this gain occurs early in the battle were 
the magnitude of the difference in effective firepower is 


large. 
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oe ECLOR PREDICTION 


The Lanchester type equations developed are fairly 
шешоех. Even for Model I where an analytic solution 
exists it is not easy to determine the winner of a battle 
Even a set of initial force levels and parameter values. 
Шие оспег models lack analytic solutions so prediction of 
ШИЕ Опссопе is even harder. 

If the attrition equations are homogeneous (of the 
same degree) it is always possible to simply determine the 
winner of an engagement. Let u = Y /X- where YX are 
Ea-cnitial force levels. Partition the set of possible 
Eure force levels by a line through the origin of slope u. 
Now determine how force levels initially move by substituting 
Nc attrition equations, getting X'(0) and Y'(0) and 
Eus that forces motion is in the direction (X'(0),Y'(0)). 
Now if 

а) Y'(0)/X'(0) = u the force level moves along the 
МО 100 line. This means the new X,Y are such that Y/X = u 
so X = KX. 5 Y = КУ. and it follows from the homogeneity of 
Mies actcrition equations force will always remain on the 
partition line. The battle is a tie. 

EE cand Y'(0) « 0, X'(0) « 0) the 
memee moves below the partition line, moreover if the force 
ever returns to the partition line Y/X = u so X = KX 5 Y = КУ. 
This means at the new point (X,Y)Y'(t)/X'(t) = kP y (0)/kx'(0)»u 
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Eun SO force will move below partition line again. Hence 
future force levels are confined to the lower (right nand) 
пиле Of partition line which means that X is the winner. 

2L 0250-1 00*00) «0. X'(0) « 0) the force 
moves above partition line and in the same fashion future 
force levels are confined to the upper (left hand) side 
we partition line and Y is the winner. 

It is clear that homogeneity is not a necessary condi- 
Econ for the technique to work since it is sufficient for 
X'(X = kX) A and Y'(Y s КУ) = f(k)Y'(0) as 
Mane ease for Model II. Intuitively the test is expected 
to hold far more generally since the force ratio Y/X is 
usually a non-decreasing (non-inereasing) funetion of time. 
iis means that if the test indicates a winner the force 
levels leave the partition line and never return. It is 
therefore unnecessary to worry about what would happen if 
one did return at some lower force levels. 

Parameter values in Battles 7, 17, 21 and 25 were 
chosen so the test would come very close to indicating a 
tie. The attrition equations for Battle 7 are homogeneous 
of degree one and the outcome plotted in Figure 7 is a tie 
E redicced. The equations for Battle 17 do not satisfy 
BEEN urtf»cjient conditions and the test incorrectly predicts 
БИ срогу for Y (Y/X = 1.5, Y'/X' = 1.4997). The outcome 
Peeocced in Figure 23 shows that X is actually the winner. 
The tests failure here appears to be due to its complete 


Meoensitivity to the Breakpoint assigned to the engaged 
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meomces, at the start of battle percentage effective is 
 8ус опе hundred percent. If X's breakpoint is changed 
НООС 1 (equal to Y's) then Y wins the battle. The test 
EE failed to predict the correct winner in Battle 21 
END = 1.5, Y'/X' - 1.5005) predicting X wins while 
aebually Y wins the battle as shown in Figure 27. The 
EN d sueceed in correctly predicting the outcome of 
ЖЕСЕ 25 (Y/X s 1.5, Y'/X' - 1.4998) predicts Y and Y is 
me actual winner. In all cases after a short period of 
combat (prediction indicator no longer extremely close to 
value for tie battle) the test started to predict the 


correct winner. 
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LP il STUDY 


` 


It would be of value to combine Models І and V where 
the fraction of personnel (u,v) who have succeeded in 
acquiring targets deliver aimed lethal/suppressive fire and 
those who have not deliver area lethal/suppressive fire. 


The equations would look like 


аа err ао = VIO ope) X 
where 


ena) = (u(1 - )b, X * (1- u(1- )bXY). 
СЕ SLA Marshall (Ref. 5] indicates that a sizable fraction of 
eeomall infantry unit has not acquired a target at any 
Ben time during an engagement this model should be of 
шиша сегарје value. Parameter estimation would appear to 
Meche largest problem. 

lü would be useful to verify that neglecting the 
suppression of suppressive fire weapons is not significant. 
There is also a need to investigate the fact that suppressive 
ШЕШЕ еГГесб is not a linear function of the number of elements 
што. The initial fire increment is actually of much 
more value since initial fire drives elements to cover and 


additional fire only effects the degree of cover taken. 
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[ees 1s particularly of interest when considering fire 
шиосастоп problems where existing solutions often require 
EN гс tO be, unrealistically, directed at only one 

EE unit. "Phe large suppression return from small initial 
fire increment is likely to yield some assignment of fire 


LO all enemy units. 
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XII. CONCLUSIONS 


EEEESUPPRESSIVE FIRE 
Fire suppression is generally considered to be an 
mmeorvant factor in combat. Introducing it into Lanchester 
emac ons models yielded several interesting insights. 
Nine attpritron-prate coefficients measured from 
пе range tests are much higher than the attrition-rate 
@eetticients calculated from historical battle data. It 
Eosrs that a large part of this difference is due to 
Ku cLing to consider the effects of suppressive fire and 
ШЕ сатрет асацісісіоп оп the firing range derived figures. 
2. The equal expected losses for symmetric parameters, 
ВЮ, dn an area fire engagement of the elassical equations 
breaks down when suppressive fire is added. The model 
also shows the value of protection which makes suppression 
EN "|'jcult even if it is unable to improve survivability. 
3. The equating of ЕСМ equipment and missile interception 
Systems with suppressive weapons, enabling the equations 
oped оное Eeo investigate tradeoffs in force 


F position. 


В. NONCONSTANT EFFECTIVENESS 

mie fact that keeping force levels close to initial 
values generates a force level history (state equations) 
ШОП are approximately those generated by the classical 


Lanchester equations for aimed fire combat. This agreement 
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НЭТ Пр even if force levels decrease considerably from 
Пеле initial value if ample time exists for force reorgan- 
ux von during combat. This reorganization keeps individual 
EEments operating close to full effectiveness. Since 

EN nr"orce retiief policies attempt to provide for this 
Mer Eanization and maintain units near initial strength 

it is usually reasonable to ignore the effect of non- 


constant force element effectiveness. 


EN VECTOR PREDICTION 
воск test for predicting the winner of a Lanchester 
combat makes it possible to investigate a wide range of 


parameter values without having to solve equations. 
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